A simple approach to modeling and identification of discrete-time nonlinear dynamic systems having an input hysteresis in cascade with a linear dynamic system is presented. A special form of Coleman-Hodgdon model for the hysteresis is considered, which is linear in parameters. For the cascade system parameter estimation, an iterative method with internal variable estimation is proposed. Simulation studies of cascade systems identification using special periodic inputs are included.
Introduction
Hysteresis is a special type of multivalued nondifferentiable nonlinearity and is encountered in a variety of processes where memory effects are involved between the input and output variables. The hysteresis is a dynamic nonlinearity, because the current output depends also on the history of the input [1, 2] . It can be found in biology, optics, electronics, ferroelectricity, magnetism, mechanics, and so forth.
In many control applications, the presence of the hysteretic behavior in sensors and actuators causes a hard nonlinear relationship between inputs and outputs. This phenomenon occurs in all the smart material-based actuators such as piezoceramics, magnetostrictive, and shape memory alloys [3] [4] [5] . For example, the piezoelectric devices are widely applied to the positioning systems because of their high positioning accuracy, large driving forces, and rapid response capability [6] . However, the existence of hysteresis often limits their performance. The hysteresis in cascade with linear dynamic systems can lead to instability in closedloop operations and complicates the task of controller design and analysis [7] . Therefore, modeling and identification of such nonlinear cascade systems is a significant problem that should be solved for the application of these devices.
It is of great importance to find the best models approximating the systems with hysteretic nonlinearities. To describe the behavior of hysteretic processes, several mathematical models have been suggested and a survey may be found in [8] . In addition, more approaches have been proposed for the identification and control of different types of hysteretic systems; see, for example, [9] [10] [11] [12] [13] .
For a broad class of hysteretic systems, a first-order scalar time-domain differential equation can be used to describe the system behavior [14] . A relatively simple differential model of hysteresis, which is appropriate for the representation of rate independent hysteretic systems, is the so-called ColemanHodgdon model studied in [15] [16] [17] . This model is able to capture, in an analytical form, a range of shapes of hysteretic loops, which match the behavior of a wide class of hysteretic systems. Applications of this differential equation model based on more or less complex solutions of the differential equation were used, for example, in [6, [18] [19] [20] [21] [22] .
In this paper, a new and simple approach to modeling and identification of discrete-time cascade systems with an input hysteresis followed by a linear dynamic system is presented. It means that the discussed system is a cascade of nonlinear dynamic and linear dynamic subsystems. A special form of the Coleman-Hodgdon model is considered for the hysteresis. This is based on using piecewise-linear "material functions, " introducing an appropriate internal variable, and rearranging the model equation. The resulting description of the whole cascade system is linear in parameters. For the cascade model parameter estimation, an iterative method with internal variable estimation is proposed. This enables performing 2 Mathematical Problems in Engineering the identification of cascade systems with input hysteresis on the basis of available input/output data. Simulation studies of cascade systems identification using special periodic inputs are included to demonstrate the feasibility of proposed approach. To the author's knowledge, no work dealing with this problem was published up to now.
Coleman-Hodgdon Hysteresis Model
The differential model of hysteresis (the so-called Duham model) is a representation of a rate-independent dynamic effect in the form of the first-order nonlinear differential equation in the time domaiṅ
where is the output and is the input. Both and are real-valued functions of time with piecewise continuous derivativeṡand. In the following, the Coleman-Hodgdon model of hysteresis, based on function ( , ) that is affine in and function ( , ) that is constant in will be considered. Then the hysteresis model can be written aṡ
with > 0 being constant. It is assumed that (i) the real-valued function (⋅) is odd, is monotonely increasing, and is piecewise continuously differentiable with a finite limit for its first-order derivative at positive infinity;
(ii) the real-valued function (⋅) is even and piecewise continuous and at infinity of such a finite value that
(iii) the real-valued functions (⋅) and (⋅) are such that
The solutions of differential equation (2) move on the curves given by
and this can be transformed into the following discrete form by replacing the differentials with the corresponding differences and rearranging as follows: where = 1, 2, 3, . . . is the discrete time. This description can be used for a broad class of hysteretic systems by an appropriate choice of the "material" functions (⋅) and (⋅) shaping the hysteresis. In [15] , the following forms of piecewise-linear functions (⋅) and (⋅) were proposed (see Figure 1 ):
where 1 , 2 are the slopes of (⋅) and the constant 1 > 0 determines the range of the central segment of (⋅) as well as that of (⋅) with the constant values 1 > 2 . Evidently, the functions (⋅) and (⋅) agree with conditions (i)-(iii) and the major hysteresis loop and some minor loops generated by hysteresis model (6) based on these functions using triangular inputs ( ) with different amplitudes are shown in Figure 2 . Note that the parts of the graph connecting the loops are not plotted to improve the visibility of loops. This model can be simplified in the case of hysteresis with assumed major loop saturation, when the values of 2 and 2 are near zero and can be neglected [18] . Then the hysteresis model is characterized by only 4 parameters: , 1 , 1 , and parameter estimation as a pseudolinear one [23] . Using the switching function defined as
functions (7) can be rewritten as follows:
After substituting (9) into (6), the hysteresis model will be linear in the parameters and 1 , and in the products of parameters 1 and 1 1 , but the parameter 1 appears also nonlinearly in the switching function. Defining the following internal variable
and assigning
the model equation can be written as
Now the hysteresis model equation is in the form where all the model parameters are separated. Note that similarly we can find the descriptions of (⋅) and (⋅) for nonzero values of 2 and 2 . Then the model will have 6 parameters plus one more internal variable. 
Cascade System with Input Hysteresis
Cascade systems consist of serially connected linear and nonlinear subsystems. One of the simplest cases is the connection of a static nonlinear subsystem followed by a linear dynamic one. This cascade system is known as the Hammerstein system and there are lots of identification methods for different types of nonlinearities and corresponding models. For example, many identification methods have been presented for the Hammerstein systems such as different iterative algorithms [24] [25] [26] , or gradient based algorithms [27, 28] . Some approaches deal with special types of nonlinearities such as saturation and dead-zone [29] [30] [31] , piecewise-linear [32] [33] [34] , or discontinuous [35] . The parameter estimation problems are often solved using the key term separation principle [36] [37] [38] and generalized or control oriented approaches are considered in [39, 40] . Techniques based on nonuniform sampling or oversampling are presented in [41, 42] and nonparametric or combined parametric-nonparametric identification is presented in [43, 44] . In addition, some specific methods based on particle swarm optimization [45] or neural networks [46] can be applied for identification of Hammerstein systems. However, in many real control systems, the hysteresis appears in a cascade connection with a linear dynamic system. One of the possible cases is the cascade system where the hysteresis is followed by a linear dynamic system as shown in Figure 3 . The linear dynamic system can be described by the difference equation
where ( ) and ( ) are the inputs and outputs, respectively, and ( −1 ) and ( −1 ) are scalar polynomials in the unit delay operator −1 :
≥ 1 is a pure delay and ( ) is a white noise with zero mean. The output equation of this cascade model can be derived from (12) and (13) . However, a direct substitution of (12) into (13) would lead to a very complex expression; therefore, the so-called key term separation principle can be 4 Mathematical Problems in Engineering applied [47, 48] . In this connection of two systems, we can assume that 0 = 1; that is,
and we can substitute (12) only for the separated variable ( − ) leading to the following equation:
where the parameters of both the hysteresis and the linear system are separated and the equation is quasilinear because the internal variables ( ) and ( ) depend on the hysteresis parameters.
Defining the following vector of data
and the vector of parameters
the mathematical model for the cascade system with input hysteresis can be written in the concise form:
and the model parameter estimation can be solved as a linear estimation problem.
Parameter Estimation
As the variables ( ) and ( ) are not available and must be estimated, an iterative parameter estimation process has to be considered. Assigning the estimated variables in the th step as
the estimate of data vector as
and the estimate of parameter vector
the error to be minimized for the estimation procedure is
where ( ) is the data vector with the corresponding estimates of internal variable and +1 is the ( + 1)th estimate of the parameter vector. If the mean squares errors criterion is used, the following functional will be minimized with respect to the parameter vector:
where is the number of input/output samples. The steps in the iterative estimation procedure may be now stated as follows:
(a) Minimizing +1 based on (23), the estimates of parameters +1 are computed using ( ) with the th estimates of internal variables. (c) If the estimation criterion is met, that is, the error is less than a predetermined value, the procedure ends; else it continues by repeating steps (a) and (b).
In the first iteration, nonzero initial values of hysteresis parameters and have to be used for computation of the first estimates of variable ( ), and the first estimates of internal variable ( ) are chosen as 1 ( ) = ( − 1). It is straightforward to choose The identification consists in exciting the system with an input signal ( ), which is continuous and periodic of period > 0. This class of inputs is very common in identification procedures for hysteretic systems and includes sine waves with or without offset, triangular waves, and so forth [10] . Moreover, similarly as in [11] , we consider that disturbance ( ) is added to the input signal ( ) resulting in corrupted input signal
to make input-output data set informative enough to guarantee uniqueness of the estimates of hysteresis parameters. The disturbance ( ) can be chosen as a normally distributed random variable with zero mean and not correlated with ( ). Note that it is beneficial to use a sequence of such periodic inputs ( ) with different range of amplitudes for ( ), as similar loops of hysteresis are repeated in each cycle of operation depending on the range of input amplitudes.
Examples
To illustrate the feasibility of proposed identification method, the following examples of simulated cascade systems with input hysteresis are presented. Example 1. The input hysteresis described by model (12) was considered with the following parameters: = 2.0, 1 = 1.5, 1 = 0.7, and 1 = 0.5. The hysteresis loop is shown in Figure 4 . The linear dynamic system was described by the difference equation:
The identification was performed on the basis of = 1632 inputs ( ) and generated outputs ( ). As shown in Figure 5 , a -periodic triangular signal ( ) was chosen ( = 204); the peak amplitudes were 1 = 1.5 for ∈ [1, 2 ], 2 = 0.5 1 for ∈ [2 + 1, 4 ], 3 = 0.1 1 for ∈ [4 + 1, 6 ] , and 4 = 0.5 1 for ∈ [6 + 1, 8 ] . Then a uniformly distributed random disturbance with | ( )| < 0.125 1 was superposed on ( ). Note that the different range of amplitudes for ( ) was chosen to cover the major and two minor loops of the hysteresis. Normally distributed random noise with zero mean and signal-to-noise ratio SNR = 50 (the square root of the ratio of output and noise variances) was added to the generated outputs. The initial values hysteresis parameter estimation is shown in Figure 6 (the topdown order of parameters is , 1 , 1 , and 1 ), while that of linear system is shown in Figure 7 (the top-down order of parameters is 2 , 1 , and 1 ). The parameter estimates reach the true values of given parameters after about 10 iterations and remain unchanged during the further iterations.
Example 2. The input hysteresis described by model (12) was considered with the following parameters: = 5.0, 1 = 2.0, 1 = 0.9, and 1 = 0.7. The hysteresis loop is shown in Figure 8 . The following linear dynamic system was described by the difference equation
The simulation of cascade system was performed similarly as in the above example for 1 = 2.0 (see Figure 9 ). The initial values 1 1 = 1.0 and 1 1 = 2.0 were used for the first estimate of ( ). The process of hysteresis parameter estimation is shown in Figure 10 (the top-down order of parameters is , 1 , 1 , and 1 ), while that of linear system is shown in Figure 11 (the top-down order of parameters is 1 , 2 , and 1 ). The estimates converge to the values of given parameters after about 10 iterations.
Conclusions
To deal with the control problems of a cascade system with an input hysteresis, the characterization of the hysteresis forms the most important task. Appropriate hysteresis models may then be applied to the formulation of control algorithms. Therefore, the modeling and identification of systems with hysteresis is of great importance. In this paper, a new approach to modeling and identification of nonlinear dynamic cascade systems with input hysteresis using the Coleman-Hodgdon model has been presented. The proposed model for hysteresis is based on the special form of (⋅) and (⋅) representations. For this cascade model, an iterative identification algorithm was proposed with internal variable estimation based on input/output data. Although a general proof of convergence for the iterative algorithm with internal variable estimation is not available [47, 48] , the simulation results show good convergence.
The presented identification method is of an easy use and the proposed model can be applied for online identification of cascade systems with input hysteresis using the known recursive least-squares algorithm. Furthermore, no a priori knowledge on the parameters is assumed except very rough initial values of the parameters required for the first estimates of internal variables. The proposed mathematical model can be used also in the framework of recursive identification [49] . This approach may be a novel contribution to the solution of problems arising in many application areas dealing with the cascade systems with input hysteresis. Finally note that even more complex forms of Coleman-Hodgdon model can be considered for modeling the input hysteresis in cascade systems [50] .
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